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Introduction
Numerical solutions of boundary value problems of partial differential equations often use a variety of finite difference/element formulations of differential equations. On the other hand, it is also quite common to convert given problems into integral equations, from which one employs boundary element methods, see, for example, Chen and Zhou [6] , to obtain numerical approximations.
For singularly perturbed problems of differential equations, methods of matched asymptotic expansions have been very popular in constructing composite expansions which are uniformly valid in the domain under consideration. Typically, a composite expansion consists of an outer expansion and an inner expansion; the outer expansion gives an excellent approximation to a given problem except for some narrow regions of a rapid variation, either near part of the boundary or along some internal curve, at each of which one is required to construct an inner expansion based on some stretched variable in the region of non-uniformity. It has been traditional to apply methods of matched asymptotic expansions or methods of multiple scales to obtain such theoretical approximations for singularly perturbed differential equations.
Sometimes, there is a necessity to adopt different approaches when methods of matched asymptotic expansions fail to give satisfactory results for constructing a uniform approximate solution. To gain the asymptotic behavior of a singularly perturbed problem, one often constructs an integral representation for the solution in terms of Green's function, from which one analyzes the asymptotic behavior by using asymptotic approximations of integrals; see, for example, Grasman [8] and Temme [14] on investigating parabolic boundary layer and corner layer structures, respectively, arising from some singularly perturbed problems for the elliptic differential equation in the form (d 2 in the domain x > 0, y > 0. The goal of this study is to unveil internal layer structures of some linear singularly perturbed parabolic problems with corner singularity by finding the asymptotic behavior of an integral form of its solution. An integral representation for the solution of a linear singularly perturbed parabolic differential equation involves the spatial variable #, the temporal variable £, and the small parameter e satisfying 0 < e <C 1. Thus, it is important to derive an asymptotic expansion which is uniformly valid in x, t.asel 0. One obtains the outer expansion of the singularly perturbed problem if the classical Laplace's method is employed. Our method of obtaining a uniform expansion has the following major steps:
(i) obtain an integral representation for a given singularly perturbed problem; (ii) transform each integral appearing in the solution representation obtained in (i) into a standard form; (iii) construct a formal uniform expansion for each canonical integral; (iv) construct an error bound for the expansion; and (v) investigate the asymptotic properties of the expansion and compare with methods of matched asymptotic expansions. There is a large class of parabolic problems which have solutions in integral form. For example, the equation
with p(x, t) = x q(t) can be converted into the heat equation via a transformation in both independent variables. But, for the sake of clarity of illustrating our techniques, in this paper, we consider only the case where p is a positive constant. Moreover, without loss of generality, we choose F(x,t) = 0 since the function F(x,i) gives its contribution only to the first outer function uo(x,t) defined by
and to other higher-order outer functions but not in the structure of the inner expansion. One standard form of the transformed integrals related to the initial data of the given singularly perturbed problem is
where a may be finite or -oo and b finite or oo. A uniform asymptotic expansion of the integral of this type was studied by Temme [15] using a technique of subtraction and integration by parts. Specifically, one writes I(x, t) as
Then integrating the second integral by parts gives the resultant integral of the same form as /(#, t). Repeating this process of subtraction and integration by parts gives an asymptotic expansion of the integral I(x,i) in e. The technique of repeated integrations by parts is a simple and often effective way of deriving the asymptotic expansion of an integral containing a parameter. For instance, in determining the asymptotic behavior of the complementary error function erfc(x) as x approaches infinity, one may employ integration by parts to derive For x G (0,DO), the error term does not exceed the first neglected term in the series in absolute value and has the same sign; see, for example, Olver [11, p. 67] . The other standard form of integrals associated with the boundary data of the given singularly perturbed problem requires additional manipulations of splitting and combining after employing the process of subtraction and integration by parts. The device of splitting a difficult integral into two to derive its asymptotic behavior in this paper is similar to the one in Olver [12] . Now, we define the complementary error function erfc by 
Next, the first iterated integral of the complementary error function ierfc is defined by
which has the properties
In general, the n th iterated integral of the complementary error function i n erfc is defined by For more information on these functions, see Abramowitz and Stegun [1] . Linear singularly perturbed parabolic problems with corner singularity have been studied by Bobisud [4] , Howes [9] , and Joseph [10] . Bobisud investigated a linear singularly perturbed parabolic problem defined in the square domain 0 < x < 1, 0 < t < 1 when x = 0 and t = 0 are the inflow boundaries, so that there is a boundary layer at x = 1 and an internal layer along the characteristic curve of the reduced problem, emanating at the origin. The asymptotic expansion constructed with the boundary layer term was shown to be of the order y/e under the assumption of continuity between the initial data and the boundary data at the origin. To improve the order of validity, one is required to construct an internal layer term. Howes obtained some exponential upper bound for the internal layer function of a linear singularly perturbed problem under the same assumption for the initial and boundary functions. As far as we know, an explicit construction of internal layer functions is not available in the literature.
The organization of this paper is as follows. Section 2 provides an integral representation of the solution for a singularly perturbed parabolic problem defined in a quarter plane. An expansion is constructed in Section 3 from the obtained integrals. Some properties of this expansion are given in Section 4. A comparison is made with some related results of Howes and Joseph in Section 5.
Integral representation of solution
Assume that the function f(x) and g(t) are smooth in their respective domains x > 0, t > 0 and satisfy the growth conditions
where Ci and C2 are positive constants and 0 < a < 1. From Cannon [5, p. 50], we have the following theorem.
with a parameter e satisfying 0 < e <^ 1, subject to the initial condition
and the Dirichlet boundary condition
has the solution of the form with a constant p > 0 and a parameter e satisfying 0 < e <C 1, subject to the initial condition 
where G(x,r},t) is the Green's function of the heat operator d/dt -e d 2 jdx 1 over the quarter plane defined by
G(x,Ti,t) = K(x-Ti,t)-K(x + ri,t) i (2.4)u{x,0) = f(x) £>0,(2.
4).
Proof. Making the substitution
converts the initial boundary value problem (2.6), (2.7), (2.8) to the problem
The desired result follows from (2.3).
IF □
To study the asymptotic behavior of u(x, t) given by (2.9) for small values of e, we reduce it to the following form.
Theorem 2.3. The solution u(x,t) of the initial boundary value problem
where Proof. First of all, from (2.9), the contribution of the initial data f{x) is 'px A change of variable gives the desired form for these two integrals. Next, we reduce the contribution of the boundary data g(t) to a simpler form:
, , fpx pH\ f 1 dG, n w ,
To make Ub(x,t) more tractable, we now split it into two integrals: 
Construction of an expansion
To investigate the asymptotic behavior for the solution u{x, t) of the singularly perturbed problem (2.6), (2.7), (2.8) for small values of £, one analyzes the integrals ii(#,£), J2(#,£), l3(x,t), hfayi) for small values of e. Laplace's method is known to give only the outer expansion of w(x, £), which is not uniformly valid in a neighborhood of the curve x = pt with t > 0. In the terminology of the asymptotics of integrals, we have a classic problem. For example, along the curve x = pt of the non-uniformity for the singularly perturbed problem (2.6), (2.7), (2.8), the end point (x -pt)/{2y/t) of the integration in a in the integral /i(x,t) coalesces with the saddle point at a = 0, while the end point t of the integration in 5 in the integral Is(x, t) coalesces with the saddle point at s = p/x. Several contributions in the literature deal with this aspect, for instance, Bleistein [2] , Bleistein and Hadelsman [3] , Erdelyi [7] , Olver [11] , and Wong [16] . Our method of obtaining a uniform expansion in each integral Ik(x,t), k = 1,2,3,4, is motivated by Temme [15] with additional manipulations of splitting and combining for Ik(x,t), k = 3,4. We illustrate our technique by obtaining an expansion with an arbitrary number of terms. Now, we obtain some preliminary integral results.
Lemma 3.1. 
3). □
To make our techniques clearer, some integral results are listed in the following theorems under the assumption that the function ty(s]x,t) satisfies the growth condition for (2.1) or (2.2) when s is large. The next theorem can be employed as often as necessary to obtain a higher-order expansion for the integrals associated with the initial data of the given problem. The integrals associated with the boundary data are difficult to expand. One needs to use the next theorem to obtain the first expansion. 
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Lemma 3.2. The integral M(x,t) defined by M(x,t)= f 9(8; x,t)-
(x -ps) 2 Ase ds. 
□ Theorem 3.3. The integral N(x, t) defined by N(x,t) = -= -{v^(s;M)}exp
*i(s;a:,t)-*i f-;^M
Moreover, if9(s] x, t) zs a polynomial of degree n in s, then 9^ (s; x, t) is a polynomial of degree n -1 in s.
Proof Differentiation gives where
N(x,t) = Na(x,t) + Ntfat)
N a = -±=[ t ± 9{8;x,t) exp f-^^" 
It then follows that Ar(x,t) = iVi(x,t) + iV c (x,t) + iV d (x,t) exp(-)
where we have Proof. To obtain an expansion of u(x,t) defined by (2.10), one is required to carry out an expansion for each of integrals /i(x, t), hi?, t), h(x, £), and hix, t). There are three steps.
The remainder u^ (x, t; e) is given by
Step One: Prom (3.6) and (3.8), we obtain
where ij (x,t) and /^ (x,t) are given by (3.30) and (3.31), respectively, with n = 1. Next, putting (3.33), (3.12) into (2.10), we have
u(x,t) = uo(x,t;e) + \/i^i(x,t;e) H-e^1^,^)
where zto(^,^e) and ui(x,t,e) are defined by (3.21) and (3.22), respectively, with A: = 0. The remainder u^fe,t]e) is defined by
where /^(a?,*), /^(a;,*), and J^OM) are defined by (3.30), (3.31), and (3.32), respectively, with n = 1.
5^ep Two; To obtain a higher-order expansion for u(x,t) in £, the remainder term ■ u( l \x,t;£) is expanded in e similarly. First, since the function /{^ (:£,£) defined by (3, 30 ) is of the same form as Ii(#,£), and I^1 {x,t) defined by (3.31) is of the same form as J2(#,£), they can be expanded in e analogously. Thus, we obtain from (3.6) and (3.8) i {/<«(*,,)-/^W) exp (f)}
where we have ^(Ojrct) = lim^1 ) (<T;x,<), ^(Ojx,*) =lim^1 ) (a;x > *), and /{ 2) (a;,t), lf\x,t) are defined by (3.30), (3.31), respectively, with n -2. Moreover, the function J34 {x,t) defined by (3.32) is of the same form as N(x,t) defined by (3.14) . where U2(x,t;e) and us(x,t;€) are defined by (3.21), (3.22), respectively, with k = 1. The remainder i^2) (#,£;£) is given by (3.29) with n = 2.
Sfep Three: We continue as in Step Two to expand u^2\x, t] e) in e. We first use (3.6) and where U4(x,t;£) and ^5(0;, t;e) are defined by (3.21) and (3.22), respectively, with fc = 2. The remainder uW(x,t;e) is given by (3.29) with n = 3. This third step can be continued as many times as necessary. □
Properties of the expansion
Note that the expansion (3.20) is valid not only in a neighborhood of x = pt but also in the whole domain x > 0, t > 0 for all values of e. More precisely, it is identical to the exact solution, and thus it can be differentiated as many times as one wishes. Moreover, it gives a uniform approximation to the given singularly perturbed problem for small values of e since the function u^ (x, t; e) in the expansion is bounded uniformly in e. which is uniformly valid inx>0,0<t<T for some T > 0.
Proof The function u^fa, t; e) is bounded uniformly in e due to the following facts: Proof. The degree of 0^ (<7; #, t) in cr decreases by two after every step of the expansion. So does that of 02 (cr',x,t) in cr. On the other hand, the degree of (jy^{a\x^t) in cr drops by two from that of g{t) in t. Moreover, the degree of 03 4 ; (cr;x,t) in cr drops by one after each step of the expansion. 
We then obtain the following theorem. 
V°'^H(w)--(?) ierfc (w)}-
We then conclude that the internal layer structure of the initial boundary value problem is more complicated than that of the initial value problem. Contrary to the initial value problem studied in Shih [13] , we are not aware of any method of matched asymptotic expansions which is able to construct the internal layer function WQ{X, t;e) or wl(#, t; e) precisely. For example, using the variables (£, t) with the stretched variable £ = (x -pt)/y/e to replace the given independent variables (x, t) in the internal layer region, one finds by using (1.1) that wfaAe) = ^^ erfc (J^j + Ofc/i) in a neighborhood of x = pt for alH > 0. On the other hand, the constructed solution gives rise to a close relationship between internal layer functions and corner singularity conditions for the reduced problem. For example, the first layer function w^x^t^e) is nonzero if /(0) ^ #(0), while the second layer function wl(x, t; e) is nonzero if #'(0) + p/'(0) ^ 0.
Historical survey
Two papers related to this work are Howes [9] and Joseph [10] . In studying the development of boundary layers for the linear singularly perturbed parabolic system 
x -t <p(-x -t)-(p(0) + A(0) -A(t + x)
x + t
